The entanglement entropy of ν = 1/2 and ν = 9/2 quantum Hall states in the presence of short range disorder has been calculated by direct diagonalization. Spin polarized electrons are confined to a single Landau level and interact with long range Coulomb interaction. For ν = 1/2 the entanglement entropy is a smooth monotonic function of disorder strength. For ν = 9/2 the entanglement entropy is non monotonic suggestive of a solid-liquid phase transition. As a model of the transition at ν = 1/2 free fermions with disorder in 2 dimensions were studied. Numerical evidence suggests the entanglement entropy scales as L rather than the L ln L as in the disorder free case.
I. INTRODUCTION
Entanglement entropy is a quantity, which, broadly speaking, quantifies the quantum mechanical entanglement between a system and a subsystem. It may be useful as a numerical means to detect quantum phase transitions, in particular in cases for which an order parameter is non local or simply unknown 1 . For example, for the quantum Hall state at filling ν = 5/2, i.e. where the N = 1 Landau level is half filled, there appears to be a cusp, a lack of smoothness in the entanglement entropy, as a function of disorder strength 3 . This lack of smoothness, is apparent, in numerical calculations, even for small system sizes and is taken to be a signature of a quantum phase transition away from the Moore-Read state as disorder increases.
In this paper, the behavior of the entanglement entropy as a function of disorder strength is investigated for other half-filled systems, in particular for filling 1/2, the N = 0 Landau level being 1/2 filled, and for filling 9/2, a 1/2 filled N = 2 Landau level. Since the physics of the N = 0, 1, 2 Landau levels is quite different, quite distinct behavior as a function of disorder strength is anticipated. In the lowest Landau level (N = 0), the composite fermion picture provides a very good description of the essential physics. In the half filled case each electron takes two flux quantum leaving composite fermions in two dimensions moving in zero magnetic field 4 . Although disorder can have drastic effects in two dimensions, due to the limited system sizes accessible with direct diagonalization, it is anticipated there is smooth behavior of the entanglement entropy as a function of disorder strength. In the N = 2, third Landau level, the electrons form stripes and bubbles or possibly liquid crystalline states [5] [6] [7] [8] .
In experiment, the stripes are very sensitive to disorder. (More precisely, the anisotropy in the diagonal resistivity is sensitive to sample quality). One therefore conjectures, in a numerical calculation one should see something analogous to a solid liquid transition, i.e. a signature of a first order phase transition.
II. ENTANGLEMENT ENTROPY AS A FUNCTION OF DISORDER
STRENGTH FOR ν = 1/2 AND 9/2
The numerical method used is direct diagonalization applied to square (aspect ratio one)
clusters with periodic boundary conditions, the square torus geometry. As is standard, the The entanglement entropy is calculated by taking a subsystem of l adjacent orbitals.
Recall in the Landau gauge, the orbitals consist of strips oriented along, say the y-axis, of width the order the magnetic length. The reduced density matrix is straightforward to calculate from the ground state wave function. It is then diagonalized, giving the eigenvalues λ j from which the l orbital entanglement entropy S(l) , S(l) = − j λ j ln λ j is obtained. sizes, in figure 1b < S(12) > is plotted for U R for filling 1/2. For the system sizes we could study numerically there is not much difference in considering a subsystem of fixed l or a fixed aspect ratio subsystems. That is, even quantitatively, there is not much difference in comparing < S(12) > for all system sizes, as we have done, or comparing < S(10) > N =20 , smaller then the localization length, the states will appear to be extended 14, 15 . We conjecture for the small system sizes and disorder strengths we study, this is the case. Experimentally
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it appears the composite fermi liquid is more robust to the presence of disorder then the quantum Hall state at filling 5/2. We also note that qualitatively, the entanglement entropy vs. disorder curves for ν = 1/2 and ν = 1/3 are similar (see figure 7 of reference 3 ).
Turning now to the third Landau level, figure 2a is a plot of < S(2) > vs. disorder and figure 2b is a plot of < S(12 > vs. disorder for system sizes 10/20, 11/22,12/24 and 13/26.
For both < S(2) > and < S(12) > there is non monotonic behavior of the entanglement entropy as a function of U R . This is reminiscent of a first order phase transition (Maxwell construction) which, naturally, in the third Landau level can be interpreted as a transition from a solid to a liquid like state 10 .
III. ENTANGLEMENT ENTROPY OF FREE FERMIONS WITH DISORDER AT HALF FILLING
We attempted for ν = 1/2 and fixed l to perform a 1/N extrapolation (N is the system size). Regrettably, this was not successful due to the nonlinear behavior with 1/N. Note that in calculating the entanglement entropy for strips of l orbitals (length √ 2πN, width l 2π/N ), the subsystem, the strips, have a state space of dimension 2 l . Hence the reduced density matrix has a dimension 2 l X2 l and the entanglement entropy is bounded from above by l ln 2 30 . It is thus impossible for the entanglement entropy to scale as the length of the strip, as √ N is greater then l for large N. By analogy to the area law for fermions 11-13 , we have investigated for disordered systems at 1/2 filling in the lowest Landau level, whether the entanglement entropy scales as l 1/2 , l or l 1/2 ln l. We were unable to come to any definite conclusion due to the small system sizes. However, it seems, not without interest to study a simpler problem of the entanglement entropy of free fermions in zero magnetic field at 1/2 filling with disorder in two dimensions. The motivation for this model is the composite fermion picture where electrons in the 1/2 filled Landau level are equivalent to non interacting composite fermions in zero magnetic field. That is, let us consider the usual Anderson tight binding Hamiltonian 14, 15 in two dimensions on a square lattice with periodic boundary conditions. There is nearest neighbor hopping t with t = 1 and a site diagonal matrix element that is rectangularly distributed with width W. We take the system to be square, with periodic boundary conditions of dimension 60 X 60 and 80 X 80 and the subsystem to be small squares of dimension L X L where L ranges from 1 to 30. The entanglement entropy was calculated with Peschel's method 16 for a given realization of disorder and then an average over disorder is done giving < S(LxL) >. Recall, even though the system is half filled, since the electrons are non interacting, this only involves one electron calculations and hence quite large systems and subsystems can be treated. In figure 3a Finally, it was possible to obtain one more system size for 7/3 filling, 13 electrons in 39 states. In figure 5 , S(l) is plotted vs. l 1/2 for various system sizes. There is little change in the entanglement entropy is going from 8 to 9 electrons and 12 to 13 electrons. 
V. CONCLUSIONS
The entanglement entropy of ν = 1/2 and ν = 9/2 quantum Hall states in the presence of short range disorder has been calculated by direct diagonalization. For ν = 1/2 the entanglement entropy is a smooth monotonic function of disorder strength. For ν = 9/2 the entanglement entropy is non monotonic suggestive of a solid-liquid phase transition. As a model of the transition at ν = 1/2 free fermions with disorder in 2 dimensions were studied.
Numerical evidence suggests the entanglement entropy scales as L rather than the L ln L as in the disorder free case. It therefore may be of some interest to use the entanglement entropy as a numerical tool to study interacting electrons in zero magnetic field but in the presence of disorder, particularly in two dimensions.
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